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Abstract This paper presents a phenomenological the-
ory of coupled H� and eÿ di�usion in c=e-MnO2. A set
of ®ve dynamic regimes governs the (H�, eÿ) insertion
during the entire reduction �0:08 < r < 1� of the dioxide.
It is imposed by a global balance of several physical
quantities which depend on the reduction level r. The
principal potential factor for the di�usion in a given
direction is the di�erence between the components,
along this direction, of the self velocities Veÿ and VH� .
The longitudinal component Eld of the internal electric
®eld vector Ed plays, with respect to electrons and pro-
tons, the velocity regulator role. The transversal com-
ponent Etd allows some homogenisation of �H�; eÿ�
concentration during the ®rst half of the reaction and
trapping of electrons in the second half. Towards
r � 0:50, Veÿ and VH� are equal, the internal electric
®eld reverses its orientation after taking a null value and
the ®rst Mn3� ions appear. This introduction to the
dynamic theory of c=e-MnO2 is a new ®nding and can
interpret most of its physical/chemical properties, espe-
cially the behaviour change around r � 0:50.
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List of symbols

U Flux vector
D Di�usion tensor
FDS Free di�usion step
TDS Trapping di�usion step
C Colman proton concentration
rC Concentration gradient vector

hvi; hv0i Electric and thermodynamic drift velocity
vectors

F 0 Thermodynamic transport force
ai Activity of the species i
fi Activity coe�cient of the species i
e Thermodynamic potential
Ed Internal electric ®eld vector
Sr Reactive surface
e Elementary electric chargeeD Ambipolar di�usion tensor
D Mean value of the di�usion tensor terms
r c=e-MnO2 reduction degree
x Mn4� vacancy fraction
y Mn3� fraction
q c-MnO2 mean grain radius
S Solvent
P Pair concentration
�C ÿ P� Unpaired eÿ or H� concentration
C0 MnO8ÿ

6 or O12ÿ
6 concentration

EMD-ICS Electrolytic manganese dioxide-international
common sample

X Dynamic equilibrium constant
V Self velocity vectoreW Ambipolar velocity vector

Introduction

In previous papers, the orthotropic ambipolar di�usion
of (H�, eÿ) in c=e-MnO2 in the case of a moderate or a
weak reduction degree was studied [1, 2]. Two theories
were applied: macroscopic thermodynamics and the
analytical theory of heat conduction in an anisotropic
medium. The concepts of the instantaneous and con-
tinuous point sources were especially exploited. The aim
of the present work is to:

1. Continue the study of di�usion [accompanied (or
not) with trapping]. The reduction degree is extended
up to the value r � 1 and the two transport forces
(electric/thermodynamic) are taken into account.
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2. Demonstrate that the internal electric ®eld plays a
multiple fundamental role in the dynamics of
c=e-MnO2 reduction.

3. Propose for the entire insertion phenomenon an or-
dinal dynamic modelisation as a function of r.

In this section a wide bibliography is given, followed by
a general synthesis on the physico-chemical properties of
c-MnO2.

Conceptual basis

De®nition

It is well known that c-MnO2 is an n-semiconductor [3,
4] which is reduced in a homogeneous phase, by incor-
poration of (H�, eÿ), according to the equation

MnO2 �H� � eÿ !MnOOH �1�
or more exactly

MnOOHr� � Dr�H�; eÿ� !MnOOHr �2�
r � r� � Dr

The reactants and products of this reaction constitute
an interstitial solid solution ``MnOOHr'' whose com-
position and thermodynamic/kinetic characterization
has been the subject of controversy. The reduction
level r, is de®ned as the ratio between the numbers of
inserted electrons and total manganese ions in the solid
phase.

Composition

The most used chemical formula is Rueschi's model [5]

Mn4�1ÿxÿyMn3�y O2ÿ
2ÿ4xÿyOHÿ4x�y �3�

with 4xOHÿ the internal water, yOHÿ ``the initially and
the inserted'' fraction of H� and yMn3� ``the initially
and the inserted'' fraction of eÿ. In the case of a non-
reduced electrolytic manganese dioxide international
common sample (EMD-ICS) no. 1, we have: x � 0:065
and y� � 0:075.

Reoxidation

The partly reduced c-MnO2 can be reoxidised as well if
r < 0:5 or in a less good manner if 0:5 < r < 0:8 [6, 7].
Note that according to Kordesch et al. [8, 9], better re-
oxidation can be obtained when r < 0:35.

Position of protons and OH ) ion formation

One can deduce from the results of Fillaux and Tye et al.
[10±15] that the inserted protons in c-MnO2 are still

delocalized up to r � 0:50 and their behaviour is then
approximately similar to a gas of free particles. Never-
theless, the results of these authors diverge in the de-
termination of the r value (level) at which the OHÿ ion
forms. This level is estimated to be near 0.8 for Tye et al.
[10, 15] or close to 0.96 for Fillaux et al. [11±14].

Formation of Mn3+ ion

Several papers [16±21] have indicated that some distor-
tion of MnO9ÿ

6 by the Jahn-Teller e�ect occurs in MnO2

when r > 0:50. This property means that the Mn3� ion
does not form before this value and the inserted elec-
trons are still in the delocalized state. It is also worth
noting that the delocalization concept has been largely
discussed by Atlung [22] in terms of an eventual for-
mation of Mn2O4H during the reduction reaction of
c-MnO2.

Di�usivity

A ®rst reading of several dynamic results [4, 23, 24] in-
dicates that during an entire reduction reaction of c-
MnO2: DH� decreases very slowly, Deÿ decreases weakly
at 0:08 � r � 0:28 and very much if r > 0:28, and the
comparison between Deÿ and DH� gives Deÿ=DH� � 1.

The correlation between structure and r

It is of great importance to correlate the change in the
MnOOHr properties with di�erent values of r. There-
fore, Fitzpatrick and Tye [25] have clearly demonstrated
the existence, during a total reduction of c-MnO2, of
four structural steps which are thermodynamically dis-
tinguished. Every step is characterized by a value set of
the structural parameters and corresponds to an interval
of r:

0:11 < r < 0:25

0:25 < r < 0:45

0:45 < r < 0:80

r > 0:80

Fillaux et al. [14] have also proposed a dynamic (pro-
tonic) classi®cation approximately similar to that of Tye
et al.:

0:04 < r < 0:30

0:30 < r < 0:60

0:60 < r < 0:70

0:70 < r < 0:80

r > 0:80

In both cases, a new phase appears for r > 0:80.

108



Thermodynamic potential of MnOOHr

Although it is not the aim of this work, a brief reÂ sumeÂ on
e is very useful. First, Tye [26] has demonstrated that the
MnOOH formed during a weak reduction of c-MnO2

dissociates completely (like a strong electrolyte in water)
into Mn3�, O2ÿ and OHÿ. These three ions constitute
with Mn4� an ideal ionic solid solution, whose thermo-
dynamic potential in a non-acidic medium and at con-
stant pH may be expressed (relative to the standard
hydrogen electrode immersed in the same electrolyte) as
follows:

e � e0� � 2�RT =F � ln�1ÿ r�=r �4�
or

De � 2�RT=F � ln�1ÿ r�=r �5�
In a second paper [27], the same authors have demon-
strated that the experimental data and the characteristic
curve of Eq. (4) are in good agreement over the whole
range from c-MnO2 to d-MnOOH. Nevertheless, in the
zone 0:38 < r < 0:80 some divergence between the two
graphics appears and gives rise to the di�erence:

w(volts) � e(Eq. (4))ÿ e(experimental) :

Therefore the thermodynamic results of Tye et al. have
demonstrated that, during the whole reduction reaction
in the homogeneous phase, the strong electrolyte (H�,
eÿ) is continually dissociated into H� and eÿ. Never-
theless, the existence of factor 2 in Eq. (4) and the dif-
ference w needs a theoretical interpretation, taking into
account most of the c-MnO2 published data [28]. Notice
that we can also ®nd factor 2 in the thermodynamic
potential expressions of other protonic systems:
Ni(OH)2/NiOOH, Pb/HxPbO2 etc. It was interpreted by
Barnard et al. [29] as the sign of a ``strong electrolyte''
dissociation phenomenon. Inversely, factor 1 (instead of
2) indicates the existence of an association (between the
inserted particles) phenomenon; this is the (non-elec-
trotytic) case of b-MnO2.

Summary

1. Dissociation of (H�, eÿ) in MnOOHr. First of all, it
is a dynamic phenomenon whose origin can be at-
tributed to the existence of: double tunnels which
o�er the free space necessary to dissociate, separate
and delocalize (H�, eÿ); and to an important initial
concentration in (H�, eÿ) and the internal electric
®eld (inversely, this latter originates from the same
concept, the dissociation; in fact, it is induced by the
di�usion, inside the c-MnO2 network, of two sepa-
rated particles which have the same concentration
but two opposite electrical charges and very di�er-
ent di�usivity mean values) [2]. Notice that in the
grain of b-MnO2 which does not have these ad-
vantages [double tunnels, vacancies, important ini-

tial concentration in (H�, eÿ) and a Nernst ®eld]
there is no dissociation nor delocalization [2]. From
a theoretical point of view [30±34], the dissociation
needs the existence of a continuum medium playing
the role of a solvent S where the strong electrolyte
(H�, eÿ) can easily dissociate. Thus, one must jus-
tify why the c-MnO2 can be considered as such a
medium.

2. Di�usion nature. The last concept does not mean
that the (H�, eÿ) di�usion inside the solid solvent
(like the di�usion in a liquid solvent) is isotropic, but
surely anisotropic. To study di�usion in such a me-
dium we can apply the analytical theory of heat
conduction in an anisotropic solid [1, 35, 36].

3. Trapping or localization of the inserted particles. It
takes place inside MnOOHr when we have r > 0:50.

4. Internal electric ®eld. Except for two papers [1, 2],
this very important physical phenomenon is com-
pletely unexploited in the domain of electrochemical
power sources. The study and development of these
may be facilitated, as we will see, by the identi®cation
of the relation between Ed (when it exists) and the
insertion reaction.

5. Rueschi's formula. It is very important to notice that
one has to take into account y� and x every time the
mean degree of reduction r is involved. Therefore, all
the literature results exploited in this work have been
corrected on this basis (see the Appendix).

6. Finally, so far, none of the literature results has
con®rmed the existence of a direct recombination
between H� and eÿ to give H. Therefore, such a
phenomenon is ignored in this work.

Fundamental role of the Nernst ®eld
in the behaviour change at r � 0:50 of c-MnO2

Exploitation of the di�usivities experimental data

Consider Eqs. (A6)±(A8) in the Appendix describing the
variation of Deÿ and DH� as a function of r, and write
them again in the following forms:

For 0:08 � r � 0:28

�RT=F � ln�Deÿ=DH�� � 0:2�1ÿ r� �6�
or

�RT=F � ln�Deÿ=DH��1=2 � 0:1�1ÿ r� �7�
For 0:28 � r � 0:50

�RT=F � ln�Deÿ=DH�� � 0:8�0:5ÿ r� �8�
or

�RT=F � ln�Deÿ=DH��1=2 � 0:4�0:5ÿ r� �9�
Equation (9) indicates that at r � 0:50 we have:

Deÿ=DH� � 1 �10�
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Applications

In Table 1 (see Appendix) are listed the values of
�RT=F � ln�Deÿ=DH��1=2 and De corresponding to the
interval 0:08 � r � 0:50. It is seen that in the region
0:08 � r � 0:28, we have

�RT=F � ln�Deÿ=DH��1=2 � De �11�
or

�RT=F � ln�Deÿ=DH��1=2 � 2�RT =F � ln�1ÿ r�=r �12�
whereas in the region 0:28 � r � 0:50 these equations
become

�RT=F � ln�Deÿ=DH��1=2 � 2De �13�
or

�RT=F � ln�Deÿ=DH��1=2 � 4�RT =F � ln�1ÿ r�=r �14�

Equations (6)±(14) and Table 3 (in the Appendix)
demonstrate a set of important or fundamental facts:

1. The two mean di�usion coe�cients become equal
near the mid distance of the total reduction. The
most striking in this crossing (Deÿ � DH�� is that it
takes place at the point where C � Cmax=2: This lat-
ter explains the equality between the numbers of free
and occupied sites, if we suppose that all the inserted
particles are trapped. Finally, this result enables us to
interpret some of the not-understood characteristics
of c-MnO2.

2. Except for the median common value (at r � 0:50),
the di�erence between the Deÿ and DH� values is
important or very important.

3. From the last case of Table 3 �r > 0:60� and the
published data on c-MnO2, one can neglect, as a ®rst
approximation, the electronic mean di�usivity value
with respect to the protonic one. This fact proves that
the Mn3� ion formation is more destructive for the
reaction insertion than the proton ®xation at the
center of the O6 octahedron [11±14]. In other words,
it appears that the pairing phenomenon is more de-
structive for the electronic network than for the
protonic one: the formation of Mn3�, accompanied
by the Jahn-Teller e�ect, cuts the continuity of the
electronic di�usion network and at r � 0:80 involves
the appearance of a new phase which has been de-
tected by X-ray di�raction (see above).

4. Equations (11) and (13) invite us to understand that
the Eq. (5) is the thermodynamic characteristic (or
image) of the dynamic quantity �RT =F ��
ln�Deÿ=DH��1=2.

5. Published value [37, 38], DH� � 10ÿ15 cm2/s, does not
correspond to the good energetic performances of c-
MnO2. In fact, using it and Deÿ � 10ÿ3 cm2=s [4],
one can obtain �RT=F � ln�Deÿ=DH��1=2 � 0:355 V,
which is very far from the values mentioned in
Table 1.

The Nernst ®eld switching over

It is known that Ed imposes the same mean velocity to
the two inserted particles [2]. From the above results one
can conclude that the internal electric ®eld accelerates
the proton in the interval 0:08 � r � 0:50 and slows it
down at 0:50 � r � 1 (inversely for the electron). Con-
sequently, Ed possesses two opposed roles during the
entire reduction �0:08 � r � 1�. This also means that by
reversing its orientation, at r � 0:50, the Ed intensity
must necessarily pass through the zero value. This latter
corresponds in fact to the equality between the di�u-
sivities mean values Deÿ and DH� .

Behaviour change and Mn3� formation at r � 0:50

This phenomenon is the fundamental consequence of the
inversion in the role of the internal electric ®eld with
respect to the two inserted particles. Finally, a physical
interpretation of trapping will be given below, preceeded
by an analytical translation of all the above-mentioned
results.

Theory

General concepts

MnO2 continuum solid medium

In Fer's point of view [34], the application of the con-
tinuous macroscopic approach to a solid medium,
crossed by some matter ¯ux, is possible when the dif-
fusion length has a value of about 0.1 lm as an order of
magnitude. That is the case of the (H�, eÿ) di�usion in
c-MnO2 submitted to the insertion ¯ux. In fact, the
mean grain diameter is 30 lm and the time of use in
general is su�ciently high to allow the di�usion length
to reach the Fer's order of magnitude.

Anisotropy of di�usion

The c-MnO2 is an orthotropic medium [1, 35, 36]. The
mutually perpendicular crystallographic axes �a; b; c� of
this structure are at the same time the principal ones.
They constitute the crystallophysical orthonormed ref-
erence frame (O, x; y; z�. The di�usion tensor D can be
written as a diagonal matrix �Dii�; i � 1; 2; 3. It should be
noticed that, assuming the grain volume increase during
the reaction is still su�ciently weak, the translation of
the reference frame can be omitted [27, 35, 39].

Finally, with the aim of making the calculation easier,
the ``sum and di�erence'' di�usivities tensors are de®ned
as follows:

Ds � Deÿ �DH� �15�
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and

Dd � Deÿ ÿDH� �16�

Reduction degree r

From the ®rst section one can write r � y=�1ÿ x� and, in
the ``EMD-ICS no. 1'' case, r � y=0:935. Therefore, r
takes values between 0.08 and 1.

Interaction force, trapping/Mn 3+ formation

The data mentioned in the ®rst section and the electro-
lytic theory of the semiconductors (developed by Reiss
et al. [31±33]) will now be applied. The coulombic inter-
action force, working in the ``H�, eÿ, S'' system, may be:

1. Negligible (up to r � 0:38); the solid solution is then
ideal.

2. Weak or of ``Debye and HuÈ ckel'' kind. It participates
in the transport phenomenon but its low intensity
does not permit pair formation. This force, which
will be designated by F 0, is an increasing function of
the concentration C (see below). Finally, it is evident
that the present case is extended in the region
0:38 < r < 1 and implies the non-ideality of the solid
solution ( fH� < 1 and feÿ < 1�.

3. Important, which gives rise to the pairing phenome-
non. This interaction kind does not exclude the for-
mer (2) but it is so intense that one can consider it as
the only interaction governing the pairs distribution.
Nevertheless, the weak interaction (2) must be cal-
culated for the unpaired ions.

Finally, in the next sections, pairing and trapping will
explain the same phenomenon: the localization of the
di�using particles.

Principal dynamic steps

Based on the above analysis, one can consider that the
two inserted particles H� and eÿ have, simultaneously,
the same physical behaviour which is imposed by the
electric neutrality and the Nernst ®eld: di�usion without
trapping or di�usion with trapping. Therefore, one can
propose the two following main steps:

1. Free di�usion step (FDS), 0:08 < r < 0:50. The in-
serted protons and electrons are approximately in a
delocalized state. Then, they have a similar behaviour
to gas particles inside which there can exist (or not) a
``Debye and HuÈ ckel'' interaction. Notice here that
Eq. (2) represents well the reaction mechanism of the
FDS.

2. Non-free (or trapping) di�usion step (TDS),
0:50 < r < 1. This phenomenon takes place at
r � 0:50. The inserted protons and electrons may be
trapped in O6 and MnO6 octahedrons and the

�O12ÿ
6 ;H�� or �MnO8ÿ

6 ; eÿ� pairs can be formed (this
latter will be considered approximately in the next
paragraphs, as a Mn3� ion). In fact, the crystalline
structure appears as acting with its two half O6 oc-
tahedrons: one serves to trap the electrons with its
Mn4� nucleus, and other ®xes the protons in its un-
occupied center [11±14].

Because it does not take into account the pairing
phenomenon, Eq. (2) must be replaced by:

�eÿ;H�� � eÿ(solid) � H�(solid)
� �

MnO8ÿ
6 O12ÿ

6

� �

�MnO8ÿ
6 ; eÿ� �O12ÿ

6 ;H��

�17�

The ®rst line of Eq. (17) indicates that the dissociation
of the strong electrolyte (eÿ, H�) always takes place
(inside the homogeneous phase), at least up to the total
reduction of its manganese (+IV) ions. The second line
designates well the chemical identity of the traps and
considers that they have approximately (see Rueschi's
formula) the same concentration C0. The third line
identi®es the reaction products. The matter conserva-
tion law imposes the same concentration ``P '' to the
formed pairs. These latter must be considered as they
are juxtaposed or at least neighbours.

Principal dynamic quantities of insertion

Various physical quantities which govern the insertion in
c-MnO2 will be de®ned and brie¯y studied throughout
this section.

Free di�usion step

Ionic force. Like the case of the diluted aqueous solu-
tions, one can consider that the activity coe�cients of
protons or electrons only depend on the ionic force I of
the solid solution ``S, H�, eÿ'' [40]:

I � �1=2�
X

i

Ciz2i �18�

where zi is the electrical charge number of the ion i.
Because of the fact that the concentrations and charge
numbers of protons and electrons are equal, Eq. (18)
becomes:

I � CH� � Ceÿ � C �19�
From Eq. (19) one can deduce that the activity coe�-
cients fH� and feÿ are only concentration C dependent.

Thermodynamic transport force. During the insertion
reaction there is a progressive increase in the concen-
tration C. As we have mentioned (see above), the
coulombic interactions exchanged between the inserted
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particles, or between them and the solvent, provokes the
progressive removal of the solid solution from the ideal
state. Consequently, the value of f (or ln f ) decreases
progressively and yields a force F 0 which opposes the
augmentation of C and thus the ¯ux of the inserted
particles. In fact, F 0 is the thermodynamic transport
force de®ned [1, 39] by

F 0 � ÿkTr�ln f � �20�
or

F 0 � ÿkT �o ln f =oC�rC �21�
The coe�cient f (or ln f ) increases inside the contin-
uum medium in the opposed orientation of rC, i.e.
from the grain surface to its bulk. The force F 0 is then
parallel to the concentration gradient vector and
equally oriented from the interior towards the surface
of the grain.

General expression of the ¯ux. Taking into account the
in¯uence of the concentration gradient and the two
transport forces, one can de®ne the ¯ux vectors as fol-
lows [1, 39, 41±44]:

UH� � ÿ 1ÿ �eC=kT �Ed=rC� Co ln fH�=oC� �DH�rC
�22�

and

Ueÿ � ÿ 1� �eC=kT �Ed=rC� Co ln feÿ=oC� �DeÿrC
�23�

(Note that the ratio between two vectors �Ed=rC� it is
not well de®ned from a mathematical point of view, but
it must be adopted here for practical reasons.)

General expression of the orthotropic ambipolar di�usion
tensor eD. Now let, eDH� and eDeÿ be de®ned by the fol-
lowing:

UH� � ÿ eDH�rC �24�
and

Ueÿ � ÿ eDeÿrC �25�
Using Eqs. (22) and (23) one can obtaineDH� � 1ÿ �eC=kT �Ed=rC� Co ln fH�=oC� �DH� �26�
andeDeÿ � 1� �eC=kT �Ed=rC� Co ln feÿ=oC� �Deÿ �27�
It should be remarked here that in the expression of
every ambipolar tensor appear all the parameters and
physical quantities of the insertion dynamics.

Ambipolar velocity. Write now Eqs. (24) and (25) as
follows:

UH� � C�ÿ eDH�rC=C�

and

Ueÿ � C�ÿ eDeÿrC=C�
The terms enclosed in parentheses have the dimensions
of a velocity vector ( eW). Then:eWH� � ÿ eDH�rC=C �28�
andeWeÿ � ÿ eDeÿrC=C �29�
The last relations represent the ambipolar velocity of the
inserted proton or electron.

Self velocity. We now introduce two new physical
quantities, speci®c to the proton and electron, with their
vectorial di�erence or sum:

VH� � ÿ�1=C � o ln fH�=oC�DH�rC �30�
Veÿ � ÿ�1=C � o ln feÿ=oC�DeÿrC �31�
Vd � Veÿ ÿ VH� � ÿ �1=C�Dd � �o ln feÿ=oC�Deÿ�

ÿ�o ln fH�=oC�DH� �rC �32�
and

Vs � Veÿ � VH� � ÿ �1=C�Ds � �o ln feÿ=oC�Deÿ�
��o ln fH�=oC�DH� �rC �33�

In fact, we have here a regrouping of the di�usional and
thermodynamic components for every inserted particle.
Veÿ and VH� have the dimensions of a velocity vector
which can be called the self or thermodi�usional veloc-
ity. It explains the swiftness of a particle, di�using alone
under the in¯uence of the two following potential fac-
tors: bulk/capacitive, �1=C�DrC, and interactive,
(o ln f =oC�DrC.

It is important (for the next paragraphs) to remark
that: Vd seems to be the relative velocity of the electron
with respect to the proton, and that Vs=2 may be con-
sidered as the vectorial mean of the self velocities (Veÿ

and VH� ) or the mean self velocity of the (eÿ, H�) couple
into the solid phase.

Finally, as the next equations will demonstrate, the
principal interest of the above four regroupings [Eqs.
(30)±(33)] is the fact that they can appear explicitly as
the ``electronic or protonic'' components in the expres-
sions of Ed, U and eW. This procedure is attractive from
the physical point of view and makes the mathematics
more concise.

General analytical expression of the internal electric ®eld.
The electric neutrality of the orthotropic medium im-
poses:

Ueÿ � UH� � U �34�
From Eqs. (24)±(34) one can obtain the following am-
bipolar equalities:eDH� � eDeÿ � eD �35�
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eWH� � eWeÿ � eW �36�
witheW � ÿ eDrC=C � Cÿ1U �37�
and the general analytical expression of the Nernst ®eld

Ed � ÿ�kT =e� Dd=C � �o ln feÿ=oC�Deÿ�f
ÿ�o ln fH�=oC�DH� �gDÿ1s rC

� �kT =e�Dÿ1s Vd �38�
The magnitude of the ambipolar vector eW is inversely

proportional to C but is proportional to the ambipolar
di�usion tensor and to rC, and has an orientation
which is, in a way, opposed to rC.

Finally, because it correlates the principal dynamic
quantities of the insertion, Eq. (37) is then of great im-
portance.

Equation (38) proves well that the Nernst ®eld is
proportional to the Vd vector but inversely proportional
to the di�usion sum tensor. Consequently, the existence
of Ed is due to the more general di�erence between the
protonic and electronic self velocities. On the other
hand, from Eq. (38), which contains the rC factor, one
can deduce that eD, as it is de®ned by Eq. (26) or (27), is
independent of rC.

To sum up, Ed opposes the dynamic non-homogenity
inside the c-MnO2 grain, realises the coupling between
the electronic and protonic ¯ux and obliges the inserted
particles to di�use with the common di�usion tensor ( eD)
and velocity ( eW).

Boundary conditions. Evidently the two self velocities
must have an orientation which is, in a way, opposed to
that of rC, which means that Eqs. (30) and (31) must
verify the two following conditions:

1=C � o ln feÿ=oC > 0

and

1=C � o ln fH�=oC > 0

o ln� fH�� > ÿ oC=C �with oC > 0�
ln� fH�� > ln bCÿ1�b is constant�
bCÿ1 < fH� < 1

but at t � 0 we have (see earlier), fH� � 1. Then b < C�
where C� is the initial concentration. By putting (in or-
der to simplify) b � C�, one can obtain the following
boundary condition:

C�=C < fH� < 1 �39�
Similarly

C�=C < feÿ < 1 �40�
Finally, at r � 0:50; where C � 6:3C�. (See A1), one can
write Eqs. (39) and (40) as follows:

0:16 < fH� < 1

and

0:16 < feÿ < 1

Non-free di�usion case

The same dynamic quantities de®ned above (in FDS)
will be used also in this step, TDS. It is evident that
taking trapping into account will introduce some mod-
i®cations in the analytical expressions.

Preliminary equations. Admitting that the three chemical
quantities eÿ, MnO8ÿ

6 and [MnO8ÿ
6 , eÿ] are in dynamic

equilibrium [33], it follows from Eq. (17) that:

X � P=�C ÿ P��C0 ÿ P� �41�
and thus

�C ÿ P� � �1=2��C ÿ C0 ÿ 1=X�
� ��1=4��C ÿ C0 ÿ 1=X�2 � C=X�1=2 �42�

Therefore one can easily demonstrate that

r�Cÿ P� � �1=2�

� 1� �1=2��C ÿ C0 � 1=X�
��1=4��C ÿ C0 ÿ 1=X�2 � C=X�1=2

" #
�rC �43�

and then

r�Cÿ P� � hrC �44�
with the coe�cient

h � �1=2� 1� �1=2��C ÿ C0 � 1=X�
��1=4��C ÿ C0 ÿ 1=X�2 � C=X�1=2

" #
�45�

At the same time, Eqs. (41)±(45) also represent the dy-
namic equilibrium between the other three chemical
quantities H�, O12ÿ

6 and [O12ÿ
6 , H�].

From Eqs. (43)±(45) it can be remarked that:

1. 0 < h � 1, the coe�cient h tends to unity when P
approaches zero (r approaches 0.50).

2. jr�Cÿ P�j < jr�C�j; therefore the number of mobile
particles will always be smaller than the numbers of
inserted particles. Consequently, the matter (H)
quantity transfered by the concentration gradient on
TDS is lower than the one we have on FDS.

Dynamic quantities expressions. Replacing in Eqs. (22)±
(27) the quantities C; oC and rC respectively by
�C ÿ P�, hoC and hrC, they become:

Ueÿ � ÿ eDeÿr�Cÿ P� � ÿfh� e�C ÿ P �Ed=kTrC
� �C ÿ P �o ln feÿ=oCgDeÿrC �46�

UH� � ÿ eDH�r�Cÿ P� � ÿfhÿ e�C ÿ P�Ed=kTrC
� �C ÿ P�o ln fH�=oCgDH�rC �47�
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eDeÿ �f1� e�C ÿ P �Ed=kThrC
� ��C ÿ P�=h�o ln feÿ=oCgDeÿ �48�

andeDH� �f1ÿ e�C ÿ P�Ed=kThrC
� ��C ÿ P�=h�o ln fH�=oCgDH� �49�

where eD is the ambipolar TDS tensor (di�usion with
trapping), and D corresponds here to the total concen-
tration (without trapping).

The ambipolar velocities can be obtained from pre-
vious relations [Eqs. (46)±(49)], as follows:eWH� � �1=�C ÿ P ��UH�

oreWH� � ÿh eDH�rC=�C ÿ P � �50�
andeWeÿ � �1=�C ÿ P ��Ueÿ

oreWeÿ � ÿh�1=�C ÿ P �� eDeÿrC �51�
Finally, with the electric neutrality condition, one can

obtain the expression of the Nernst ®eld:

Ed �ÿ �kT=e�fhDd=�C ÿ P � �Deÿ�o ln feÿ=oC�
ÿDH��o ln fH�=oC�gDÿ1s rC � �kT=e�Dÿ1s Vd �52�

with

Veÿ � ÿ�h=�C ÿ P � � o ln feÿ=oC�DeÿrC �53�
VH� � ÿ�h=�C ÿ P� � o ln fH�=oC�DH�rC �54�
and

Vd �ÿ �h�C ÿ P �ÿ1Dd � �o ln feÿ=oC�Deÿ

ÿ �o ln fH�=oC�DH� �rC �55�
Vs �ÿ �h�C ÿ P �ÿ1Ds � �o ln feÿ=oC�Deÿ

� �o ln fH�=oC�DH��rC �56�
It is important to notice here that the Nernst electric ®eld
has the same expression in both the steps FDS and TDS.

The longitudinal and transversal components roles
of the vectorial quantities

The concentration gradient rC, in a given point M is
always oriented towards the outward of the c-MnO2

grain [1]. With the exception of the principal axes di-
rections, the ®ve vectors ``ÿDrC '', Ed;U;V and eW do
not lie in the direction of rC. Thus, every vectorial
quantity G, implicated in the insertion reaction, has
generally along rC two components:

1. Longitudinal Gl, which can contribute positively (or
not) to the matter transfer, depending if it is lying (or
not) in the direction of ``ÿrC '' [The vector ``ÿrC ''

indicates, in fact, the positive orientation of the (ef-
fective) matter transfer during the insertion reaction;
it represents the principal potential factor in the
di�usion phenomenon].

2. Transversal Gt, whose role is to make more homo-
geneous the distribution (around the ``ÿrC '' direc-
tion) of the matter transfered by the longitudinal
component Gl.

Physical interpretation of the Nernst ®eld role
in the pairing phenomenon

The essential new point to be made, from the previous
results, is that the Ed orientation forbids the pair for-
mation on FDS but allows it on TDS (after the reversing
of its orientation at r � 0:50, see above). It can be in-
terpreted as follows:

1. FDS. While the longitudinal component Eld slows
down the electron movement and accelerates the
protonic one, the transversal component Etd, repulses
the electrons far from the MnO8ÿ

6 octahedrons, es-
pecially when C is not important.

2. TDS. Along this step, we have the inverse phenom-
enon. In fact, H� is slowed down while eÿ is accel-
erated by Eld. The transversal component Etd attracts
the electrons towards the MnO8ÿ

6 octahedrons and
o�ers to them the two energies a1 and a2 necessary
to: jump the potential barrier existing at the octahe-
dron surface, and penetrate inside it, towards the
Mn4� ion; reduce the Mn4� ion. The absorbtion of
an electron by the latter implies the famous distortion
of MnO6 (Jahn-Teller e�ect). The total energy a in-
volved in the formation of Mn3� is then:

a � a1 � a2

The global energy necessary to the formation of N Mn3�
pairs is then

E �
XN

1

ai �57�

The proton ®xation inside the octahedron O6 [11±14]
must be considered as the result of three factors: the
repulsion exercised by Eld which absorbs some part of its
energy, the negative charge of O6 and the existence of a
neighbour trapped electron. This means that the for-
mation of a [MnO8ÿ

6 , eÿ] pair implies the [O12ÿ
6 , H�]

neighbour one. This result is the same that Tye [10] had
interpreted as the ``some association'' e�ect between the
particles H� and eÿ which appears when r > 0:50.

Ordinal study of the insertion dynamic regimes

Ordinal variable

The aim of this section is to study at 0:08 � r � 1 the
variations of the dynamic quantities de®ned in the pre-
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vious section. As mentioned in the latter, the electrolytic
theory of semiconductors [31±33] indicates that the role
played by the o ln f =oC factor (in the variations of the
dynamic quantities of the insertion) is of secondary im-
portance compared with the role played by the tensors
DH� ;Deÿ andDd. Therefore,Diid will be considered, in the
following paragraphs, as the principal dynamic variable.
Diid represents in fact the relative di�usivity of the elec-
tron with respect to the proton, but its variations law, as a
function of the independent variable r or C, is unknown.
Thus, Diid will be treated as an ordinal variable [45]. It
follows that (see above) during the total reduction of c-
MnO2 a set of ®ve successive ordinal modalities

Diid � 0; Diid > 0; Diid � 0; Diid < 0; Diid � 0 �58�
is then imposed. Corresponding to ``®ve intervals of r
values'', the set (58) constitutes, in fact, the ordinal scale
on which the values of the variable Diid can be measured.
As a ®rst approximation, the three ordinal variables
Diid�i � 1; 2; 3� are supposed to take the same ordinal
value at the same time, and then they can be measured
on the same ordinal scale. Consequently, the dimensions
of our problem are reduced from three to one. In other
words, the set (58) will be used throughout this part as
the measurement scale for only one variable Diid. Cer-
tainly this great simpli®cation is due to the use of an
ordinal approach.

The determination of the ®ve intervals of r values is
obtained from the combination of the approximate re-
sults of the Appendix and dynamic/structural thermo-
dyamic classi®cations (see above). The taking into
account of these latter may be justi®ed by considering
that the thermodynamic steps are the images (or char-
acteristics) of the dynamic ones (see above). Finally, the
modality Diid � 0 is de®ned on an interval Dr centered at
rd � 0:50. The value of Dr must be weak, because Diid

varies very quickly in this region.

De®nition of the dynamic regimes

Now let us de®ne the ®ve dynamic regimes on the basis
of all the above and the Appendix results:

FDS

I. Diid � 0; fH� � 1; feÿ � 1 and 0:08 � r � 0:28

II. Diid > 0; 0:28 � r � rd ÿ Dr=2;with fH� � 1;

feÿ � 1 at 0:28 � r � 0:38; and fH� < 1; feÿ < 1 at

0:38 � r � rd ÿ Dr=2

III. Diid � 0; fH� < 1; feÿ < 1 and rd ÿ Dr=2 � r � rd
� Dr=2

TDS

IV. Diid < 0; fH� < 1; feÿ < 1 and 0:50 < r < 0:60

V. Diid � 0; fH� < 1; feÿ < 1 and 0:60 < r < 1 �59�
Evidently there is some error in every determined

value, but this fact does not diminish the theoretical

interest of this ordinal study. It is very important to notice
that during the total reduction reaction, every volume
element of the c-MnO2 grain will pass inevitably by the
®ve dynamic regimes. Nevertheless, it is very possible to
have several regions (or elementary volumes) in the grain
which are submitted to di�erent regimes. Certainly this
fact depends on the imposed concentration gradient and
the mean distance of every region to the di�erent active
sites si [1]. In addition, the duration of every regime also
depends on these same factors. In the case of a very weak
current intensity, the particles H� and eÿ penetrate,
across the reactive sub-surface si, with a very small
number and without interaction. Therefore, the lifetime
of every regime is then important ormaximal. Inversely, if
the current or gradient intensity is important, the inter-
facial regions adjacent to si become very concentrated and
traverse quickly the ®ve regimes: the ¯ux tends quickly to
zero and the yield is poor. Clearly, between these two
extreme situations there are several intermediate ones.

Regime I

During this regime the solid solution is still near the
ideal state, then the logarithmic terms are negligible and
the general equations (see above) become:

Ed � ÿ�kT =e�rC=C �60�
UH� � Ueÿ � ÿ2DH�rC �61�eW � ÿ2DH�rC=C �62�
witheD � 2DH� �63�
Using the expressions of the self velocities Veÿ and VH� ,
it follows that:

Veÿ � ÿDeÿ�rC=C� �64�
VH� � ÿDH��rC=C� �65�
Vd � Veÿ �66�
Ed � �kT =e�Dÿ1eÿ Veÿ �67�
or

Ed � �kT =e�Dÿ1H�VH� �68�
Ueÿ � UH� � 2CVH� �69�eW � 2VH� �70�
Corresponding to a negligible thermodynamic force, this
regime has been studied in previous papers [1, 2]. The
ambipolar di�usivity or velocity ( eD or eW) is twice the
protonic one (DH� or VH�). This fact demonstrates that,
during this regime, the protonic velocity is the governing
factor in the (H�, eÿ) di�usion into c-MnO2. The in-
ternal electric ®eld is created by a di�erence of several
orders of magnitude between the two di�usivities �DiiH�

and Diieÿ) values and by an important initial concen-
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tration of (H�, eÿ). This regime deserves well to have the
appellation ``ideal'' because it does not only correspond
to an ideal solid solution but also to the optimum values
of Ed;UH� ;Ueÿ (for a given rC).

Applications

As matter of great interest, Eqs. (65) and (70) can be
used to estimate the ambipolar velocity at the beginning
of the insertion [24]:

DH� � 6� 10ÿ10 cm2=s

jrCj � C�=q

q � 15� 10ÿ4 cm

C � C�

j eWj � ÿ2DH�jrCj=C � 2DH�=q

thus

j eWj � 8� 10ÿ7 cm/s

Then the necessary time, in the ideal regime, for a given
inserted particle to traverse one radius distance is:

t � q=j eWj � 1875 s or 31.3 min.

The latter order of magnitude appears to be reasonable
and agrees well with the published data [46±51]. It is, in
fact, the minimal necessary time which permits the ¯ux
to reach the grain center and implies the transition from
the semi-in®nite to the ®nite di�usion case [1].

It is interesting also to repeat the same calculation
with the value of 10ÿ15 cm2/s, sometimes adopted in the
literature [37, 38]. The obtained values are then:

j eWj � 10ÿ12 cm/s

and

t � 15� 108 s or 2:5� 107 min

This in®nite time proves that the order of magnitude,
10ÿ15 cm2/s, does not agree with the proton dynamics in
the good electrode material c-MnO2.

Regime II

Consider a grain region where we have DiiH� < Diieÿ .
Notice here that Ed is still represented by its general
formula of Eq. (38).

Ionic solid solution near the ideal case, f � 1

The dynamic relations (see above) become respectively:

Vd � ÿDdrC=C �71�
UH� � C�1�DdD

ÿ1
s �VH� �72�

Ueÿ � C�1ÿDdD
ÿ1
s �Veÿ �73�

The equality between the two ¯ux gives

UH� � Ueÿ � C�Vs ÿDdD
ÿ1
s Vd�=2 �74�

andeW � �Vs ÿDdD
ÿ1
s Vd�=2 �75�

The comparison between Eqs. (71)±(75) and (65)±(70)
indicates an important decrease in the intensities of the
electric ®eld and the ¯ux.

Non-ideal ionic solid solution

By taking Eqs.(22), (23) and (30), (31) into account one
can obtain:

Ueÿ � UH� � CDÿ1s �DH�Veÿ �DeÿVH� � �76�eW � Dÿ1s �DH�Veÿ �DeÿVH�� �77�
Equations (76) and (77) demonstrate clearly the dy-
namic coupling between the movements of H� and
eÿ which is due to the action of the di�usion operators
DH� and Deÿ on the vectors Veÿ and VH� .

Regime III

From the data of this regime, one can write the fol-
lowing relations:

DH� � Deÿ � D0

Veÿ � ÿ�1=C � o ln feÿ=oC�D0rC �78�
VH� � ÿ�1=C � o ln fH�=oC�D0rC �79�
Vd � ÿ��o ln�feÿ=fH��=oC��D0rC �80�
Vs � ÿ�2=C � o ln�feÿfH��=oC�D0rC �81�
Ed � �kT =2e�D0ÿ1Vd �82�
or

Ed � ÿ�kT =2e���o ln�feÿ=fH��=oC��rC �83�
Ueÿ � UH� � �1=2�CVs �84�eW � �1=2�Vs �85�
The ambipolar velocity and the ¯ux are respectively the
vectorial mean of the two self velocities or ¯ux (elec-
tronic and protonic). With the possible orientations of
Vd, one can have the three following cases (see above).

Vd is a ``positive'' vector

Although it becomes very weak, the electric ®eld always
continues to accelerate the proton. Equation (80) must
obey the following condition:

o ln�feÿ=fH��=oC > 0

o ln feÿ=oC > o ln fH�=oC

f 0eÿ=f 0H� > feÿ=fH� > 0 �86�
(where f 0 � of =oC)
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f 0eÿ and f 0H� have the same sign, which means that the
variations of feÿ and fH� are a�ected in the same ori-
entation (strictly decreasing most probably).

Vd � 0 or Veÿ � VH�

This relation implies that:

fH� � feÿ �87�
Ed � 0 �88�
UH� � Ueÿ � ÿC�1=C � f 0H�=fH��D0rC �89�eW � Veÿ � VH� �90�
The electric ®eld and the ¯ux coupling are null. The
activity coe�cients are equal, and it is the same for the
self and ambipolar velocities. Equation (89) must obey
the condition

1=C � f 0H�=fH� > 0

which is equivalent to Eq. (39) or (40).

Vd is a ``negative'' vector

After its taking a null value, the Nernst ®eld changes its
role and increases in intensity. It accelerates the elec-
trons and slows down the protons. Finally, in the pres-
ent case we must have

o ln�feÿ=fH��=oC < 0

o ln feÿ=oC < o ln fH�=oC

feÿ < fH�

This latter relation indicates that the electron polarisa-
tion is more important than the proton one.

ReÂ sumeÂ of the evolution on FDS

The injection inside a continuum medium of two ambi-
polar particles having initially the same concentration,
but an important di�erence between their self velocities,
induces a Nernst ®eld which:

1. Couples their movements.
2. Imposes a continuous exchange of the kinetic energy

between the two particles up to r � 0:50, where the
self velocities become equal. At this moment, Ed

becomes null and the two particles share equally their
characteristics

�DH� � Deÿ ; fH� � feÿ ;UH� � Ueÿ ; and

Veÿ � VH� � eW�
Regime IV

The mathematical equations describing the situation in
this regime have been developed above. The two self

velocities are again di�erent. The electrons' movement is
now less rapid than the protons' one. Consequently, the
internal electric ®eld reappears (in an opposed orienta-
tion) and exercises its regulator velocity role.

Boundary conditions. Proceeding as in the section
entited ``Free di�usion step'' (See above), put:

b00�C ÿ P �ÿ1 < fH� < 1

then, at t � 0, i.e. at r � 0:50, we have
fH� � feÿ � f 0; P � 0 and C � 6:3C�. Thus

6:3C�f 0=�C ÿ P� < fH� < 1 �91�
and similarly

6:3C�f 0=�C ÿ P� < feÿ < 1 �92�
Finally, if f 0 � 1=6:3, Eqs. (91) and (92) give

C�=�C ÿ P � < fH� < 1

and

C�=�C ÿ P � < feÿ < 1

Regime V

The equations in the section entited ``Non-free di�usion
case'' (see above) become:

Vd � ÿ�h�C ÿ P�ÿ1 � �o ln fH�=oC��DH�rC �93�
Vs � ÿ�h�C ÿ P�ÿ1 � �o ln fH�=oC��DH�rC �94�
Thus

Ed � �kT=e�Dÿ1H�Vd �95�
As is mentioned above, during this regime a new phase
appears progressively. It is not the aim of this work to
study this phenomenon.

Summary on the insertion dynamics in c-MnO2

The insertion phenomenon is based on two main po-
tential factors: crystallographic and dynamic. The ®rst is
a set of non-occupied sites ranged in a manner which
allows H�/eÿ to penetrate continuously and di�use
conveniently in the crystalline network. This latter
contains a bene®cial initial (H�, eÿ) concentration. The
second is the di�erence Vd between the two self velocities
of H� and eÿ. In fact, one of the two particles moves
very slowly and is driven by the (relatively) very fast
motion of the other. This drive is created by the internal
electric ®eld which imposes a common mean velocity to
the inserted particles. The magnitude of Vd is maximal
(maximum 1) at the beginning of the insertion (or FDS);
it decreases signi®cantly before reaching a zero value
(corresponding to a common self velocities value) at
r � 0:50. In the second half of the total reduction (TDS),
the drive motion and roles switch over at the same time
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with Ed. This step begins with a Vd null but it ®nishes by
a second maximal value of jVdj. Because of the self ve-
locity weakness and the Etd action, the trapping is en-
gaged and a continual slowness of the particles motion
will be imposed. To sum up, the situations on TDS and
FDS are practically and curiously symmetrical with re-
spect to the point ``r � 0:50''.

Conclusion

This approach of extending the understanding of semi-
conductor theory to that of the reduction properties of
c-MnO2 is a new ®nding. Based essentially on the dif-
ferences between the values of the physical quantities
[governing the (H�, eÿ) insertion in the dioxide], the
above theory gives some results of great interest and
clari®es several obscure points in the interpretation of
the c-MnO2 characteristics. In fact, it:

1. Con®rms that the author's published orders of
magnitude on the values of DH� and Sr are correct.

2. Attributs the behaviour change at r � 0:50 to the
orientation switching over of the Nernst ®eld, after
taking its null value.

3. Permits us to understand the dynamics of the inser-
tion and relates it to equilibrium thermodynamics.

4. Points out the fundamental roles of the structure,
initial (H�, eÿ) concentration and internal electric
®eld (multiple roles).

In addition, this dynamic model constitutes, in a way, an
ordinal programming as a function of r of the (H�, eÿ)
insertion dynamics in c-MnO2.

Another matter of interest of this introduction to the
dynamic theory of c-MnO2 is the fact that it can give
answers to some problems concerning the behaviour of:

1. Several varieties of the manganese dioxide and elec-
trode materials which reduce in a homogeneous
phase by insertion of H� (or Li�) and eÿ, (H. Kahil,
unpublished)

2. Other categories of materials submitted to ambipolar
di�usion.

In fact, the common fundamental factor governing the
above behaviour is the internal electric ®eld.

Finally, this series of articles [1, 2, 28] constitutes a
new method for studying electrochemical systems with
electron and proton (or Li�) insertion.

Appendix

Approximate determination of the mean di�usivities
and ordinal intervals

Consider, as a ®rst approximation, that:

1. The dynamic roles of the di�usion and conductivity
tensors can be represented by the mean values D and

r which are accessible to the experimental measure-
ments. Such a consideration allows the exploitation
of the literature data concerning these two physical
quantities published by Xia et al. [4, 23] and Kahil
et al. [24].

2. All the inserted particles are still mobile or not
trapped up to r � 0:50 (see ®rst section of main text)
and participate in the electric conduction. Thus, the
concentration C can be estimated proportionally to
its initial value C� (at r� � 0:08) by the following
formula:

C � C�r=r� �A1�
with, C� � 4� 10ÿ3 mol/cm3 [2]. In the second half
of the total reduction (r > 0:50), a part (P ) of the
mobile particles is trapped and Eq. (A1) becomes
very approximative (but it continues to give useful
order of magnitude).

Write now that the total conductivity measured by
Xia et al. [4] is the sum of the electronic and protonic
components:

r � reÿ � rH� �A2�
Because we do not know the electronic and protonic
values of the transfer numbers (nor their evolution as a
function of r), it is not possible to calculate the partial
values reÿ and rH� nor Deÿ and DH� . Nevertheless, this
di�culty is surmounted as follows. Firstly, using the
Nernst±Einstein relation [39, 42] one can write

reÿ � DeÿCF =RT

and

rH� � DH�CF =RT �A3�
Equations (A3) indicate that di�usivity and conductivity
engage the same concentration C. Write Eq. (A2) again
as

r � �Deÿ �DH��CF =RT

and put

D � Deÿ �DH� �A4�
Then Eq. (A2) becomes

r � DCF =RT �A5�
Now using the measured values of r, published by Xia
et al. [4, 23] and the above formulae one can calculate D
as a function of r. Table 2 gives the results (at 298 K)
corrected on the basis of Eq. (3) in the main text.

Secondly, the estimation of Deÿ was obtained by the
direct comparison between the values of D and DH� .
This latter was determined using two coupled published
data: NMR [24] and the recti®ed results of Xia et al.
[23]. More precisely, the general shape of the Xia's
published curve, which represents the variation of DH�

versus r, is adopted and corrected on the basis of Eq. (3)
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of the main text. However, it has been shown (see ear-
lier) that the order of magnitude of DH� must be
� 10ÿ9 cm2=s (in other words, the reactive surface of the
c-MnO2 grain must be approximated by its geometrical
surface instead of the BET one [2, 24, 51]). Therefore, by
taking DH� � 0:6� 10ÿ9 cm2=s at r � 0:08, all the other
plotted values of the Xia's published curve are then
recti®ed. The results obtained are collected in Table 2,
which permits us to deduce that Deÿ and DH� have the
same order of magnitude towards r � 0:50, and de®ne,
as shown in Table 3, the approximative ordinal intervals.
The second part of Table 3 was estimated (or extrapo-
lated) from the data of the same references [4, 23, 24]. In
fact, whereas the values of r or D or Deÿ continue to
decrease for several orders of magnitude when r tends to
1, the DH� value decreases very slowly and still has the

same order of magnitude. Notice that the behaviour
change at r � 0:60 was con®rmed by the dynamic results
in the literature [14].

Finally, it is important to exploit the Table 2 data ±
FDS ± to obtain (as a function of r) the empirical laws of
variations of Deÿ and DH� . In fact, a simple look at the
curves obtained by Xi et al. permits us to deduce that
they can be (approximately) assimilated to straight line
segments. For Deÿ , two equations can be determined
respectively for the intervals 0:08 � r � 0:28 and
0:28 � r � 0:45:

lnDeÿ � ÿ9r ÿ 13:7 �A6�
lnDeÿ � ÿ33:3r ÿ 7 �A7�
For DH� , only one equation corresponding to
0:08 � r � 0:45 is de®ned:

lnDH� � ÿ0:97r ÿ 21:1 �A8�
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